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Motivations
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RPSs for functional SDEs: dissipative on average

RPSs for McKean-Vlasov SDEs: dissipative on average

RPSs for McKean-Vlasov SDEs: partially dissipative
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Random dynamical system

Measurable dynamical system: (⌦,F , (✓s)s2R)

I (!, t) 7! ✓t!: measurable;

I ✓0 = id, ✓s+t = ✓s � ✓t.

Metric dynamical system (⌦,F ,P, (✓s)s2R):

I (⌦,F , (✓s)s2R): metric dynamical system;

I (✓s)s2R: measure preserving.

Random dynamical system:

I (⌦,F ,P, (✓s)s2R): metric dynamical system;

I  : R⇥ ⌦⇥H ! H: measurable; identity; cocycle property,

 (t+ s,!)x =  (t, ✓s!) �  (s,!)x.
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Random periodic solution

Pathwise random ⌧ -periodic solution

I u : 4⇥ ⌦⇥H ! H : semi-flow;

I y : R⇥ ⌦ ! H : F -measurable s.t.

u(t, s,!, y(s,!)) = y(t,!), y(s+ ⌧,!) = y(s, ✓⌧!).

Random ⌧ -periodic solution in distribution

I u : 4⇥ ⌦⇥H ! H : semi-flow;

I y : R⇥ ⌦ ! H : F -measurable s.t.

u(t, s,!, y(s,!))
d
= y(t,!), y(s+ ⌧,!)

d
= y(s, ✓⌧!).
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Existing literature

Existing literature: time-inhomogeneous SDEs/SPDEs

Feng-Zhao-Zhou’11: semi-linear SDE + additive noise;

Feng-Zhao’11: semi-linear SPDE + bounded domain;

Feng-Wu-Zhao’16: semi-linear SDE + multiplicative noise;

Potential methods:

Pull-back approach: uniformly dissipative;

Generalized Schauder’s fixed point theorem: partially dissipative.

Remarks:

Non-uniqueness;

Leading linear term.
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Motivating examples

Drift bt(x) := ↵t(x� x
3), x 2 R.

Uniform dissipativity in existing literature:

hx� y, bt(x)� bt(y)i  ��|x� y|2.

Our concerns:

Reinforce the periodicity:

hx� y, bt(x� bt(y))i  �(t)|x� y|2.

Partial dissipativity:

hx� y, bt(x)� bt(y)i  ↵t
�
(K1 +K2)1{|x�y|L} �K2

�
|x� y|2.
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SDEs: partially dissipative

SDE with additive noise:

dX(t) = bt(X(t)) dt+
p
↵t dW (t), (1)

where

b : R⇥ Rd ! Rd
, ↵ : R ! (0,1);

b(·, x) and ↵(·): ⌧ -periodic and continuous;

9 K1, L � 0,K2 > 0 s.t.

hx� y, bt(x)� bt(y)i  ↵(t)
�
(K1 +K2)1{|x�y|L} �K2

�
|x� y|2.

Reference: Ren, Sturm and Wang’22, arXiv:2110.06473.
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RPS in distribution: partially dissipative

Theorem

Under (A), the solution flow � has a unique random ⌧ -periodic solution in

the sense of law, i.e., 9 a unique X
⇤(t) 2 L

1(⌦ ! Rd
,Ft,P) such that

X
⇤(t+ h,!)

d
= �(t+ h, t,X

⇤(t,!),!), X
⇤(t+ ⌧,!)

d
= X

⇤(t, ✓⌧!),

and

lim
s#�1

X
s,⇠(t)

d
= X

⇤(t).
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Remarks

Uniform dissipativity: K1 = L = 0;

The drift b is partial dissipative, e.g., bt(x) = ↵t(x� x
3);

Uniform dissipativity: synchronous coupling;

Our approach: reflection coupling;

Random periodic solution: weak existence and uniqueness.
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Remarks

SDE with multiplicative noise:

dX(t) = b(t,X(t)) dt+ �(t,X(t)) dW (t).

9 �0 : R⇥ Rd ! Rd ⌦ Rd
s.t. (��⇤)(t, x) = ↵(t)Id⇥d + (�0�⇤0)(t, x).

K1, L � 0,K2 > 0 s.t.

hx� y, b(t, x)� b(t, y)i+ 1

2
k�0(t, x)� �0(t, y)k2HS

 ↵(t)
�
(K1 +K2)1{|x�y|L} �K2

�
|x� y|2.

Additive noise: reflection; multiplicative noise: synchronous.

Reference: Priola & Wang’06, JFA.
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A general criteria on RPS in distribution

For an Rd
-valued Markov process (Y s,x(t))t�s,

(Y s,⇠(t))t�s enjoys the semi-flow property.

9 C0(⇠) > 0 s.t.

sup
t�s

W 

�
LY s,⇠(t), �0

�
 C0(⇠).

9 h : [0,1) ! [0,1) satisfying

lim
s!�1

1X

j=0

h(t� s+ j⌧) = 0,

and

W 

�
LY s,⇠(t),LY s,⌘(t)

�
 h(t� s)W 

�
L⇠,L⌘

�
.
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A general criteria on RPS in distribution

Then, if � : 4⇥ Rd ⇥ ⌦ ! Rd
defined via

�(t, s, x,!) = Y
s,x(t,!), (t, s) 2 4, x 2 Rd

, ! 2 ⌦,

further satisfies the following property:

�(t+ ⌧, s+ ⌧, x,!) = �(t, s, x, ✓⌧!),

9 a unique (in the sense of law) Ft-measurable Y
⇤(t) such that

Y
⇤(t+ h,!)

W 
= �(t+ h, t, Y

⇤(t,!),!), Y
⇤(t+ ⌧,!)

W 
= Y

⇤(t, ✓⌧!)

and

lim
s#�1

Y
s,⇠(t)

W 
= Y

⇤(t).
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Functional SDEs: dissipative on average

Functional SDE:

dX(t) = b(t,Xt) dt+ �(t,Xt) dW (t), t � s 2 R,

where

b(·, ⇠) and �(·, ⇠) are ⌧ -periodic and continuous on R;

b: uniformly bounded on each bounded set of R⇥ C ;

9 continuous ⌧ -periodic functions �1 : R ! R,�2,�3 : R ! [0,1) s.t.

2hb(t, ⇠)� b(t, ⌘), ⇠(0)� ⌘(0)i  �1(t)|⇠(0)� ⌘(0)|2 + �2(t)k⇠ � ⌘k21,

k�(t, ⇠)� �(t, ⌘)k2HS  �3(t)k⇠ � ⌘k21.
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Pathwise RPS: dissipative on average

Theorem

Assume (H) and

` :=

Z ⌧

0

�
�1(r) + 2e�c⇤(r0,⌧)

�
�2(r) + �3(r)

+ 2�3(r)�
2e�c⇤(r0,⌧)+2c⇤(r0,⌧)

��
dr < 0,

where � ⇡ 1.30693 and

c⇤(r0, ⌧) : = inf
0u⌧,�r0✓0

Z u

u+✓
�1(s) ds,

c
⇤(r0, ⌧) : = sup

0u⌧,�r0✓0

Z u

u+✓
�1(s) ds.

Then, the flow � has a a unique pathwise random ⌧ -periodic solution.
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Remarks

Non-dissipativity at some time points;

Dissipativity on average;

Reflection coupling: no longer work;

Approach: synchronous coupling.
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A general criteria on pathwise RPSs

For a Markov process (Y s,x(t))t�s on (U, ⇢) and some p > 0,

(Y s,⇠(t))t�s enjoys the semi-flow property;

9 C0(⇠) > 0 such that

sup
t�s

E⇢(Y s,⇠(t),0
�p  C0(⇠).

9 h : [0,1) ! [0,1) satisfying

lim
s!�1

1X

j=0

h(t� s+ j⌧0) = 0

and s.t.

⇣
E⇢

�
Y

s,⇠(t), Y s,⌘(t)
�p⌘ 1

1_p  h(t� s)
⇣
E⇢(⇠, ⌘)p

⌘ 1
1_p

.
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A general criteria on pathwise RPS

Then, if the map � : 4⇥ U⇥ ⌦ ! U defined via

�(t, s, x,!) = Y
s,x(t,!)

further satisfies the following property:

�(t+ ⌧, s+ ⌧, x,!) = �(t, s, x, ✓⌧!),

there exists a unique Ft-measurable Y
⇤(t) such that

Y
⇤(t+ r,!) = �(t+ r, t, Y

⇤(t,!),!), Y
⇤(t+ ⌧,!) = Y

⇤(t, ✓⌧!) a.s.

and moreover

lim
s#�1

E⇢(Y s,⇠(t), Y ⇤(t))p = 0.
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McKean-Vlasov SDE: dissipative on average

McKean-Vlasov SDE:

dXs,t = bt(Xs,t,LXs,t) dt+ �t(Xs,t,LXs,t) dWt.

Assume

(A) R 3 t 7! |bt(0, �0)|2+k�t(0, �0)k2HS
is continuous, and bt is continuous

and bounded on bounded sets of Rd⇥P2(Rd). Moreover, 9 K1,K2 2

Lloc(R;R+) such that

2hx� y, bt(x, µ)� bt(y, ⌫)i  K1(t)
�
|x� y|2 +W2(µ, ⌫)

2
�
,

and k�t(x, µ)� �t(y, ⌫)k2HS
 K2(t)

�
|x� y|2 +W2(µ, ⌫)2

�
.
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McKean-Vlasov SDE: dissipative on average

(A’) Assume (A). In addition, t 7! bt(x, µ) and t 7! �t(x, µ) are ⌧ -periodic.

Moreover, 9 K3 2 C(R;R+) and K1,K2 2 C(R;R) such that

2hx� y, bt(x, µ)� bt(y, ⌫)i+ k�t(x, µ)� �t(y, ⌫)k2HS

 K1(t)|x� y|2 +K2(t)W2(µ, ⌫)
2
,

and

k�t(x, µ)� �t(y, ⌫)k2HS  K3(t)
�
|x� y|2 +W2(µ, ⌫)

2
�
.
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Pathwise RPS: dissipative on average

Theorem

Assume (A0) with �� :=
R ⌧
0

�
K1(u) +K2(u)

�
du < 0. Then, the solution

flow possesses a unique pathwise random ⌧ -periodic solution, i.e., 9 a unique

X
⇤
t 2 L

2(⌦ ! Rd
,Ft,P) such that

X
⇤
t+h(!) = �(t+ h, t,X

⇤
t (!),!), X

⇤
t+⌧ (!) = X

⇤
t (✓⌧!) a.s.

Moreover,

lim
s#�1

E|X⇠
s,t �X

⇤
t |2 = 0.
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Pathwise RPS: dissipative on average

Theorem

Under Assumptions of Theorem 3, the solution flow �
N possesses a unique

pathwise random ⌧ -periodic solution, i.e., 9 a unique X
⇤,N
t 2 L

2(⌦ !

RdN
,Ft,P) such that

X
⇤,N
t+h(!) = �

N (t+ h, t,X
⇤,N
t (!),!), X

⇤,N
t+⌧ (!) = X

⇤,N
t (✓⌧!) a.s.

Furthermore,

lim
s#�1

E|X⇠N

s,t �X
⇤,N
t |2 = 0.
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Unform propagation of chaos: dissipative on average

Theorem

Assume Assumptions of Theorem 3. Then, 9 C > 0 such that

E|Xi
s,t �X

i,N
s,t |2 + E|Xi,⇤

t �X
i,⇤,N
t |2  C'(N) ! 0 as N ! 1,
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McKean-Vlasov SDE: partially dissipative

McKean-Vlasov SDE:

dXs,t =
�bbt(Xs,t) + (ebt ⇤ LXs,t)(Xs,t)

�
dt+

p
↵tdBt + b�t(Xs,t) dWt.

Assume

(H) Fix ⌧ 2 (0,1). Let R 3 t 7! bt(0), R 3 t 7! b�t(0), R 3 t 7! ebt(0,0)

and R 3 t 7! ↵t are ⌧ -periodic and 9 K0, `0 � 0,K1,K2,K3 > 0 s.t.

hx� y,bbt(x)�bbt(y)i+
1

2
kb�t(x)� b�t(y)k2HS

 ↵t
�
(K0 +K1)1{|x�y|`0} �K1

�
|x� y|2,

and

|ebt(x, y)�ebt(ex, ey)|  K2↵t
�
|x� ex|+ |y � ey|

�
,

kb�t(x)� b�t(y)k2HS  K3↵t|x� y|2.
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RPS in distribution: partially dissipative

Theorem

Under (H), 9 K
⇤
2
> 0 such that, for all K2 2 (0,K⇤

2
], the solution flow �

has a unique random ⌧ -periodic solution in the sense of distribution, i.e., 9

a unique X
⇤
t 2 L

1(⌦ ! Rd
,Ft,P) such that

X
⇤
t+h(!)

d
= �(t+ h, t,X

⇤
t (!),!), X

⇤
t+⌧ (!)

d
= X

⇤
t (✓⌧!).

Moreover,

lim
s#�1

X
⇠
s,t

d
= X

⇤
t .
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RPS in distribution: partially dissipative

Theorem

Under (H), 9 K
⇤
2
> 0 such that, for all K2 2 (0,K⇤

2
] and N � 1, the

solution flow �
N admits a unique random ⌧ -periodic solution in the sense

of distribution, i.e., 9 a unique X
⇤,N
t 2 L

2(⌦ ! RdN
,Ft,P) such that

X
⇤,N
t+h(!)

d
= �(t+ h, t,X

⇤,N
t (!),!), X

⇤,N
t+⌧ (!)

d
= X

⇤,N
t (✓⌧!).

Moreover, lims#�1X
⇠N

s,t
d
= X

⇤,N
t .

Theorem

Assume Assumptions of Theorem 7. Then, limN!1X
i,⇤,N
t

d
= X

i,⇤
t .
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Uniform Propagation of chaos: partially dissipative

Theorem

Under (H), 9 C1, C2,�,K
⇤
2
> 0 such that for all K2 2 (0,K⇤

2
],

W1

⇣
LXi

s,t
,L

Xi,N
s,t

⌘
 C1e

��(t�s)W1

⇣
LXi

s,s
,L

Xi,N
s,s

⌘
+

C2p
N

.

Tool: Reflection coupling.
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